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Abstract—Numerical conformal mapping is exploited as a 24 R
simple, accurate, and efficient tool for the analysis and design . R*
of coaxial waveguides and couplers of complex cross section. v .
An implementation based on the Schwarz—Christoffel Toolbox ~
a public-domain MATLAB package, is applied to slotted coaxial Q . N
cables and to symmetrical coaxial couplers, with circular or polyg- N v
onal inner conductors and external shields. The effect of metallic ;
diaphragms of arbitrary thickness, partially separating the inner
conductors, is also easily taken into account. The proposed tech- r
nique is validated against the results of the finite-element method, (a) (b)
showing excellent agreement at a fraction of the computational
cost, and is also extended to the case of nonsymmetrical couplers, < h > < h
providing the designer with important additional degrees of * .
freedom. Q O r 2 D l
Index Terms—Coaxial cables, coaxial couplers, conformal ~ .
mapping. N ~
O * O | -
|l. INTRODUCTION

OAXIAL directional couplers are fundamental com- (c) (d)
ponents in several microwave applications, where - _ , _ ,
. . s . Fig. 1. Coaxial lines and couplers studied with numerical CM analysis.
narrow-band and high power-handling capabilities are requ"’ﬁsmned coaxial line with external shield of arbitrary thickness. (b) Circular
[1, Sec. 6.4]. Historically, these devices have been studied wiaxial coupler. (c) Rectangular coaxial coupler with circular inner conductors.
analytical approaches, usually based on conformal mappi(ﬁgRectangular coaxial coupler with square inner conductors.
(CM), in order to derive closed-form approximate expressions
for their characteristic parameters as functions of the geometrydetailed discussion is given first of the classical structures
[2]. More recently, greater flexibility has been obtained witlshown in Fig. 1. The generality of the proposed approach is
numerical techniques, especially the finite-element methdiskn exploited to study a wider class of geometries, where a
(FEM), whose main drawbacks are the computational cost ametallic diaphragm is inserted between the conductors [see
sensitivity of the results to the discretization mesh, particularBig. 2(a)—(c)], and the coupled lines do not have the same cross
important when the FEM is exploited as a parametric optimizgection [see Fig. 2(d)]. These new geometries are significant for
tion tool. A promising alternative, offering at the same timéhree reasons. First, metallic diaphragms allow a much easier
the efficiency of CM and generality of numerical methods;ontrol of the coupling factor than classical configurations.
is numerical CM (for a few examples of applications to miSecond, nonsymmetrical structures make it possible to deal
crowave lines, see [3]-[5]). This paper describes the analysismith coupled lines having different impedance levels. Third,
coaxial couplers with the Schwarz—Christoffel (SC) formulahe additional degrees of freedom provided by these geometries
a particular CM for polygonal regions, as implemented in thgermit to overcome mechanical constraints in the practical real-
fast, stable, and accura® Toolbok [6], [7], a public-domain ization of narrow-band couplers, and are essential in the design
MATLAB2 package. In principle, this technique may be appliesf longitudinally nonuniform broad-band coaxial couplers.
to any coaxial waveguide with one or more conductors andThe paper is organized as follows. Section Il describes the ap-
with arbitrary cross section of lines and external shield. Herglication of numerical CM to slotted coaxial lines, an important
preparatory step toward the analysis of more complex devices.
Section Il presents all the necessary steps for the study of sym-
Manuscript received July 31, 2001; revised December 12, 2001. This watetrical couplers (i.e., having two orthogonal symmetry planes)
was supported in part by the Italian National Research Council under Wth and without diaphragms, together with results for even-

MADESS Il Project. T .
The authors are with the Dipartimento di Elettronica, Politecnico di Torinénd odd-mode characteristic impedances and coupling factors,

1-10129 Turin, Italy (e-mail: valeria.teppati@polito.it). and comparisons with FEM and available published values. Fi-
Digital Object dentifier 10.1109/TMTT.2002.803424. nally, the most general nonsymmetrical couplers are dealt with
1[Online]. Available: http://www.math.udel.edu/~driscoll/SC/. in Section 1V, and the resulting approach is validated against the

2MATLAB is a registered trademark of The Mathworks Inc., Natick, MA.  symmetrical case and FEM.
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Fig. 2. Coaxial couplers with metallic diaphragms of arbitrary thickness
studied with numerical CM analysis. (a) Circular coaxial coupler.
(b) Rectangular coaxial coupler with circular inner conductors. (c) Rectangular
coaxial coupler with square inner conductors. (d) Nonsymmetrical rectangular
coaxial coupler with circular inner conductors.

Il. SLOTTED COAXIAL LINE

As a first step toward the analysis of coaxial couplers, the ap-
plication of numerical SC mapping will be described in detalil
for the slotted coaxial line [see Fig. 1(a)], a simple structure,
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yet allowing no closed-form expression for its characteristic paig. 3. Mapping of a slotted coaxial line with thick external shield
rameters even under the simplifying assumption of an infinitel§ee Fig. 1(2)]. The polar symmetry of the line is exploited through a

thin external shield [8]-[12]. In our approach, following [8], th(%

line is halved by a magnetic wall [see Fig. 3(a)] and the polagctmap

symmetry is exploited through a logarithmic transformagica
log w so that all the segments joining the vertiegs . . . , w7 in
the physical domain are mapped into a polygon with two infi
nite sides. Fig. 3(b) reports the coordinates of all the vertice
{p;} and of the corresponding interior anglé€sc, }, which,
together, are the only inputs required by SC mapping. 36e
Toolboximplements both the classical transformation into th
upper half-plane [through the functiomplmap , see Fig. 3(c)]
and the direct mapping into a rectangle, i.e., a parallel-plate ¢
pacitor [through the functiorectmap , see Fig. 3(d)]. Ineither
case, from the results of the numerical transformation, the che¢
acteristic impedance of the line may be immediately evaluate

asZy = 1/cCy, where(y is the per-unit-length capacitance
|772 - 771| K(/f)
Co =2¢ = 2¢
T N N ()

Ry — 21 kg — R3
23 — X1 g — R2
and K (k)

[13, Sec. 6.1]F
€g = 1//1062, po = 4m - 107 H/m.

is the complete elliptic integral of the first kind _
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Ogarithmic transformation. The passage from the polygon inptpdane to

he parallel-plate capacitor in the-plane may be either direct (d) through
or (c) through an intermediate transformation into the upper
half-planez with hplmap .
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W is th d of light i Fig. 4. Characteristicimpedance of a slotted coaxial line invai (0.65 mm,
— k<, cis the speed of light In vacuum, r°_ 1 49 mm) as a function of the aperture half-angléor different values of

the thickness of the external shiglg0, 0.05, 0.5, and 5 mm).
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Fig. 5. Mapping of one-quarter of a circular coaxial coupler [see Fig. 1(b)].
The polar symmetry is exploited through a logarithmic transformation. The
aperturews,, . . ., w4, IS @ magnetic wall for the even mode, and an electric
wall for the odd mode. Only the direct passage (throtegimap ) from the
polygon in thep plane to the parallel-plate capacitor in thelane is shown.

The only difference between thin and thick external shields is

that, in the latter case, the polygon in the physical domain has U g 7 771;"

one additional vertex, with no significant impact on the com- Hssn §

putation time. The effects of the external shield thicknesa ;

the characteristic impedance may be appreciated from Fig. 4, e o Tson Tren

reporting curves o¥, as a function of the aperture half'anglq:ig. 7. Mapping of a coaxial coupler with a rectangular shield and circular
¢ for different values of. inner conductor [see Fig. 1(c)]. The polar symmetry is not exploited and the

circular conductors are approximated withsided polygons. The even-mode
(left-hand side) and odd-mode (right-hand side) potential distributions
lll. SYMMETRICAL CoOAXIAL COUPLERS computed wittrectmap  are shown.

A. Couplers With Circular Shield

The study of circular symmetrical coaxial couplers [se\(/there
Fig. 1(b)] requires an inexpensive extension of the technique Waps = Rcos¢
applied to the slotted coaxial line. Thanks to structural symme- cos [¢p (1 —i/n)]
tries, only one-quarter of the entire coupler has to be considered L
[see Fig. 5(a)]. All the sides in the physical domain have finit = 2r¢cos(d/£), and the corresponding interior angles are
length, and the only complications arise from the aperture

ay=7—pf
connecting the two circular lines. Since the present version of * _3 Po 3 _ )
the SC Toolboxcannot deal with curvilinear sides, the aperture Fati _éri—l — Bt L= e
is described by introducing — 1 extra vertices, so that the Cin =5 + Bn_1

corresponding curvg, - - - p4,, resulting from the logarithmic

transformation may be well approximated with a many-sidethere

polygon [see Fig. 5(b)]. The vertex coordinates on the aperturg l0g wiyit1 — logwyts ,~

may be chosen as pi = arctan o/n ; t=0,...,n—1

The even- and odd-mode capacitanégsandC,,, may be eval-

NEs . .
Pati = logwayi +] [5 A L/”)}’ t=1..7 " Lated by considering the aperture as a magnetic or an electric
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Fig. 8. Mapping of a circular coaxial coupler with diaphragm [see Fig. 2(a)]. Voin
The polar symmetry is exploited through a logarithmic transformation. The
apertures 4 mtmn; - - - » Watmintp 1S @ magnetic wall for the even mode, and Trin
an electric wall for the odd mode. (c) ! Trnem
77 N enem
64 0
Q- h o
" Fig. 10. Mapping of a nonsymmetrical rectangular coaxial coupler with
62 20 diaphragm [see Fig. 2(d)]. The polar symmetry is not exploited and the circular
B conductors are approximated with many-sided polygons. The transformation
60 into a two-line ACPW with semi-infinite lateral ground planes vialfp)map
is common for the evaluation &, C%, andC,;. The final three-conductor
58 -40 & mapping for the computation @, is shown in (c).
G &5
N £
56 -60 % probably because it is not possible to obtain a solution in terms
“  of complete and Jacobi elliptic functions.
34 For the structure of Fig. 6, the asymptotic dependence of the
) -80 relative error€.; on the number of vertices may be modeled as
5 Erel x €Yo With 1y & 5.7 both for Z, andXC. Thanks to this
50 100 exponential convergence rate, the chaice- 5 already corre-
0 02 04 06 08 1 12 14 sponds to a relative error as small as 0.07% on the characteristic
Aperture half width, mm impedances and 0.67% on the coupling.

Fig. 9. Characteristic impedances (solid lines, left-hand-side axis) a . .
coupling (dashed line, right-hand-side axis) of a rectangular coaxial coupEdr Couplers With Rectangular Shield

in air with diaphragm (circular inner conductors), as functions of the aperture . .
half-width s. In the case of coaxial couplers with rectangular external

shields [18] [see Fig. 1(c)—(d)], our CM approach drops the
logarithmic transformation and describes the inner conductors
asn-sided polygons so that the SC mapping is directly applied
to the structure in the physical domain. For the computation of
the capacitances and impedances, eltipdmap or rectmap
may be exploited, with the same boundary conditions on the
aperture used for the circular coupler. As shown in Fig. 7,
rectmap now allows the direct computation of contour plots
From the characteristic impedancs,, = /¢./(cC./,), the of the potential distribution for the even and odd modes. This
coupling factor may be computed&s= (Z. — Z,)/(Z.+ Z,) analysis enables the exact treatment of rectangular structures
[2], obviously increasing with the aperture angle. with polygonal inner conductors. It may also be observed that
Comparisons with published results for a dielectric-filledoupled slab lines [2], [3], [19], [20] are a special type of
coupler €. = 2.03, r = 0.455 mm, R = 1.49 mm, see Fig. 6) coaxial couplers with rectangular shields, and their study with
demonstrate excellent agreement with interpolation formultee present approach is straightforward.
based on FEM computations [14]-[16], as the maximum A convergence study on a coupler with circular inner con-
difference is lower than 0.05%. On the other hand, a previodsctors in air £ = 0.65 mm, 2~ = 2.34 mm, D = 4 mm,
attempt at closed-form CM analysis [17] leads to discrepancig$ = 3 mm) again demonstrates an exponential convergence
with both the present approach and FEM-based formulaate versus: with 1o ~ 4.9. The approximation of the half-

wall, respectively. Wherectmap is used, the transformations
shown in Fig. 5(c) are applied, arid., C, are evaluated from
the corresponding sets; }./, as

|772 —771|

Cejo = 2€06, = 11sl
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Fig. 11. Comparison of nonsymmetrical multiconductor mapping and FEM on a nonsymmetrical rectangular coupler in air with circular inner conductors
(a) Per-unit-length capacitanc€s andC’. (b) Per-unit-length mutual capacitan€g.. (¢) Coupling factoiC as functions of the aperture half-width

circle with a 12-sided polygon yields a relative error of apbe useful in narrow-band couplers, especially in the case of a
proximately 0.24% or%., Z, and approximately 0.16% of. rectangular external shield, because of the much wider range of
Despite the exponential dependencekobn the distanc&d K values that can be obtained.

between the inner conductors, the maximum variation of theThe modifications required to apply th8C Toolboxto
coupling factor is smaller than 20 dB, which suggests the neggimmetrical coaxial couplers with diaphragms are illustrated
for different structures, such as those proposed in the followiitg Fig. 8 in the case of a circular coupler. As a numerical ex-

sections. ample, Fig. 9 provides plots ., Z,, andX for the structure
described in Fig. 2(b) (withr = 0.65 mm, A~ = 2.63 mm,
2d = 2.5mm,D = 4 mm, andt = 0.1 mm), as functions of
The CM procedure can be further generalized to take intee aperture half-widtk. It may be observed that, with such a
account the presence of a metallic diaphragm of arbitraityin diaphragm, the dependenceffon s is almost negligible,
thickness, partially separating the inner conductors [s@dile the variation ofZ. can be larger than 60% and, of course,
Fig. 2(a)—(c)]. Since the width of the diaphragm mainly affects may become arbitrarily small.

the even-mode impedance, it may be used as the fundamental

deS|gp parameter in I(_)ngltudlnally nonuniform coa}X|aI COu- IV NONSYMMETRICAL COAXIAL COUPLERS

plers in order to effectively control the mode coupling along

the longitudinal direction in a much simpler way than with The coupler sketched in Fig. 2(d) is an example of a more
an impractical variation of the distance between the inngeneral class of structures with less symmetry, which may still
conductors. The insertion of a metallic diaphragm may alée studied with numerical CM for simply connected regions. In

C. Couplers With Diaphragm
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addition to the advantages offered by the metallic diaphragstructures has been demonstrated as a simple application of
nonsymmetrical cross sections allow the coupling between linde numerical conformal transformations implemented in the
of unequal characteristicimpedances. Moreover, the use of n@& Toolbox CM results are in excellent agreement with the
symmetrical geometries may be the most effective way to ovétEM, and require a much lower computational cost than the
come mechanical constraints forced, e.g., by the shape and &itter technique. The efficiency and user friendliness of the
of standard connectors and by the minimum feasible distanqm@posed approach allow its use as a design and optimization
between the inner conductors. tool. The most significant feature of the present analysis is
Due to the lack of symmetry between the conductors, the dbe possibility to describe the effects of metallic diaphragms
scription in terms of even- and odd-mode capacitances mustaral to study nonsymmetrical structures since these geometries

replaced by the definition of a capacitance matrix [21] provide important additional degrees of freedom to the design
of longitudinally uniform and (potentially broad-band) nonuni-
_ CotCa  —Cap form coaxial couplers.
—Cap  Cpy+Cyu
whereC, andC}, are the per-unit-length capacitances associ- ACKNOWLEDGMENT
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